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Abstract. Let X be a toric variety and u be a normalized symplectic 
potential of the corresponding polytope P. Suppose that the Riemann- 
ian curvature is bounded by 1 and f gp u da < Ci, then there exists 
a constant C2 depending only on C\ and P such that maxpM < C%. 
As an application, we show that if (X, P) is analytic uniform Jf-stable, 
then the modified Calabi flow converges to an extremal metric expo- 
nentially fast by assuming that the Riemannian curvature is uniformly 
bounded along the Calabi flow. Also we provide a proof of a conjecture 
of Donaldson. Finally, assuming that the curvature is bounded along 
the Calabi flow, our method would provide a proof of a conjecture due 
to Apostolov, Calderbank, Gauduchon and T0nnesen-Friedman. 

1. Introduction 

Let X be a Kahler manifold with Kahler class [uj. The candidates of the 
canonical metrics in [uj] are extremal metrics in the sense of Calabi [5]. Cal- 
abi [1] also proposes an analytic method to search for his extremal metrics. 
This analytic method is usually called the Calabi flow whose equation is 

^ - R - R 

dt ~ v -' 

where ip is a Kahler potential, R v is the corresponding scalar curvature and 
R is the average of the scalar curvature. 

It is conjectured by Chen [11] that the Calabi flow exists for all time. 
When X is a toric variety, it is shown in [22] that the obstructions of the long 
time existence are the regularity theorem and the non-collapsing property 
of the Calabi flow. Later, Streets establishes the regularity theoremEl of 
the Calabi flow in [26] , Recently, Chen's conjecture has been confirmed in 
|21j when X = C 2 /Z 2 + il? and the initial metric is invariant under the 
translation of the imaginary part of the complex variables. 

In this note, we are interested in the long time behavior of the Calabi flow 
on a toric variety. In fact, it is expected that the long time behavior of the 
Calabi flow should be related to the stability of the manifold. 

When (X, L) is it-unstable, assuming the long time existence of the Cal- 
abi flow on a toric variety X, the geometrical phenomenas are clear by the 
work of Szekelyhidi [27]. More explicitly, assuming the long time existence 
of the Calabi flow on a toric variety, he proves that the infimum of the Calabi 
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energy is equal to the supremum of the normalized Futaki invariants of all 
destabilizing test configurations, confirming a conjecture of Donaldson |19j . 

The remaining case is that when (X, L) is if-stable, if we assume the Cal- 
abi flow exists for all time, what will happen? We recall that Yau [32J , Tian 
[30] and Donaldson [13] conjecture that the if-stability of (X, L) is equiv- 
alent to the existence of cscK metrics. Thus we should try to understand 
the long time behavior of the Calabi flow by assuming that there exists a 
cscK metric in the Kahler class. In fact Donaldson |18j conjectures that if 
there exists a cscK metric in the Kahler class and if the Calabi flow exists 
for all time, then it should converge to a cscK metric. The work in |21] 
confirms Donaldson's conjecture when X = C n /Z n + ill 1 . This work also 
suggests that if there exists a cscK metric in the Kahler class, then the cur- 
vature along the Calabi flow should be uniformly bounded. Thus we modify 
Donaldson's conjecture as in [23]. 

Conjecture 1.1. Let X be a Kahler manifold with Kahler class [oj]. Sup- 
pose that there exists an extremal metric uq G [u] . Let oj\ G [uj\ be a Kahler 
metric invariant under the maximal compact subgroup of the identity com- 
ponent of the reduced automorphism group. We further assume that the cur- 
vature along the Calabi flow starting from uj\ is uniformly bounded. Then 
the modified Calabi flow converges to an extremal metric exponentially fast. 

Combining with the Yau-Tian-Donaldson conjecture and the recent de- 
velopments in [2], [17] and [28], we have the following conjecture in [23] when 
X is a toric variety. 

Conjecture 1.2. Let X be a toric variety with an ample line bundle L. 
Suppose that (X, L) is relative K -stable and the curvature along the Calabi 
flow starting from an toric invariant metric oj G c\ (L) is uniformly bounded. 
Then the modified Calabi flow converges to an extremal metric exponentially 
fast. 

We can write down the JT-stability condition explicitly when X is a toric 
variety. Let P be the Delzant polytope corresponding to (X, L) through 
moment map. We also define the extremal function 9 which is an affine 
function satisfying the following equation 

(1.1) £(u) = 2 [ uda-[u6dfi = 

JdP Jp 

for all affine function u. The relative ET-stability can be interpreted as in 
Definition 1.1. (X, L) is relative instable if 

£(/) > o 

for all rational piecewise linear function / and the equality holds if and only 
if / is an affine function. 

There is another stability condition introduced by Szekelyhidi [29]. Let 
Cqo be the set of continuous convex functions on P which are smooth in the 
interior. Let us fix a point xq G P. For any u G Cqo, we say u is normalized 
if u(xq) = and Du(xq) = 0. The uniform stability of Szekelyhidi states as 
follows: 
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Definition 1.2. (X, L) is uniform .ff-stable if there exists a constant A > 
such that for any normalized function u G Coo, we have 

£(u)>A|M| L?aT . 

For the purpose of analysis, we will use the analytic version of uniform 
stability from [13] . 

Definition 1.3. (X,P) is analytic uniform if-stable if there exists a con- 
stant A > such that for any normalized u G Coo, we have 

C(u) > A / u da. 
JdP 

When the complex dimension of X is one, Conjecture (|1.2|) is proved by 
Chen [H] and Chen-Zhu [T2]. When X is a toric surface, Conjecture (|1.2|) is 
proved in [23] if (X, P) is analytic relative X-stable. In this note, we extend 
the above mentioned results by removing the dimensional constraints. Our 
main theorem states as follows: 

Theorem 1.3. Let (X, P) be analytic uniform K -stable. Suppose that the 
curvature is uniformly bounded along the Calabi flow starting from a toric 
invariant metric in the Kdhler class of (X, P) . Then the modified Calabi 
flow converges to an extremal metric exponentially fast. 

Remark 1.4. The existence of extremal metrics in a toric variety implies 
that (X, P) is analytic uniform stable by the work of Chen-Li-Sheng [7] . 
Thus we also prove Conjecture \l. 1\) . 

Remark 1.5. Tosatti has a related result in Kdhler Ricci flow |31j . 

Assuming the curvature of the Calabi flow is uniformly bounded, our 
method also leads us to provide a proof of a conjecture due to Apostolov, 
Calderbank, Gauduchon and T0nnesen- Friedman [3J. The conjecture states 
as follows: 

Conjecture 1.6 (|3J). A projective bundle (X, J) = P{E) over a compact 
curve Tj of genus > 2 admits an extremal metric in some Kdhler class if and 
only if E decomposes as 

i 

E = Q)E U 

where Ei is a stable subbundle, 1 < i < I. 

When 1 = 1, the conjecture is proved in [2J. In [3], the authors show that 
to prove Conjecture (jl.6p . we only need to show that if is a compatible 
class on X, then the existence of an extremal Kahler metric in f2 implies 
the existence of a compatible extremal Kahler metric in fi. Our following 
theorem suggests a way to prove Conjecture (|1.6p . 

Theorem 1.7. Suppose there exists an extremal metric ojq G Let we!] 
be a compatible Kdhler metric. If the curvature is uniformly bounded along 
the Calabi flow starting from oj, then the modified Calabi flow converges to 
a compatible extremal metric uj\ G exponentially fast. 

Remark 1.8. Theorem Ji. 7| j can be extended to other situations: 
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(1) For any manifold X which is a rigid toric bundle over a semisimple 
cscK base in [3] . 

(2) For any manifold X which is multiplicity-free in the sense of Don- 
aldson [20] and Raza [25] . 
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to the consistent support of Professor Xiuxiong Chen, Pengfei Guan and 
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2. Notations and Setup 

Let X be a re-dimensional toric variety and [cj] be a Kahler class of X. 
Then we obtain the corresponding Delzant polytope P through the moment 
map. The Delzant conditions show that 

• For every facet Pi of P, there exists an inward normal vector rtj 
corresponding to Pj . 

• For each vertex v of P, there are exactly re facets P^ , . . . , Pi n meeting 
at v. Moreover, , . . . , ni n form a basis of 7L n . 

Suppose P has d facets. Let k(x) = (x, n~i)+Ci, i = 1, . . . , d and we choose 
Q properly such that h{x) = for all x € P{. The Guillemin boundary 
conditions show that for any toric invariant Kahler metric, its symplectic 
potential u satisfies 

• u is a smooth, strictly convex function in P. 

• The restriction of u to each face of dP is smooth and strictly convex. 



u(x) = -^2li(x)lnli(x) + x e P, 

i=l 

where f(x) is a smooth function on P. 
The scalar curvature of u on P is the Abreu's equation 

Ru(x) = - Y, U %W' xeR 

The Calabi flow equation on the symplectic side reads 

T77 = R— R u . 

at 

Following [23], the modified Calabi flow equation on the symplectic side 
reads 

where 9 is an affine function satisfying Equation (jl.ip . 
The modified Mabuchi energy defined in [13] is 

M(u) = —J log det (uij ) dfj, + C(u) 

= — J logdet(iijj) dfi + 2 / u da — I uO dfi, 
Jp JdP Jp 
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where d\x is the standard Lebesgue measure and do is the standard Lebesgue 
measure divided by |nj| for each facet Pi. It is known that the modified 
Calabi flow is the downward gradient flow of the modified Mabuchi energy 
(See e.g. [23]). 



3. L°° Control 

In this section, we will prove 

Theorem 3.1. Suppose u is a normalized symplectic potential such that the 
Riemannian curvature is bounded by 1 and there exists a constant C\ such 
that 

J u do < C\. 
JdP 

Then there exists a constant C{C\,P) depending only on C\ and P such 
that maxp u < C . 

If X = CP 1 , the above theorem is trivially true. And when X is a toric 
surface, our theorem is proved in |23| . Thus we only consider the case where 
the dimension of X is greater than two. Without loss of generality, we can 
assume that we work in a standard model, i.e., O = (0, . . . , 0) is a vertex of 
P. xi, . . . , x n where < Xi < 1 for all i are the edges of P around O and P 
lies in the first quadrant. Guillemin's boundary conditions tell us that 



-(xi In xi + 



+ x n lnx n ) + f(xi, . . .,x n ), 



where / is a smooth function up to the boundary. 
Our first observation is the following lemma: 

Lemma 3.2. In each edge Xi, let Vi(xi) = |xjlnxj + /(0 
then 

1 

vF 



Proof. Let 



.4 




lim u n u(x). 
x-+(0,...,Q,Xifi,...,0) 



U2r, 



2x n + fnn / 



Then 



We obtain 



,11 



det(ujj) 



A det (it 



ij)i 



Vdet(ujj) (det(uij)) 2 
An 



,0,xi,0, . . . ,0), 



det (it j 



Ai det(ttjj)i _ Adet(uij)n A(det(ujj)iY 
(det(n 4j )) 2 (det(^)) 2 + (det(««)) 3 



Let 



V(xi) = -x\ hxxx + f(x 1} 0, ... ,0), v(xx) = V"(xx) 
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As x 



(xi,0, ... ,0), we get 




Hence we obtain the desired result. 



□ 



It is shown in [T5] that the norm of Riemannian curvature is expressed as 



By direction calculations, we have 

Lemma 3.3. u 3 ,, (x\ , . . . , x n ) is finite for all x±, . . . ,x n G [0,1] and all 
i,j,k,l. Moreover for each i,j,k, I and x\ G (0,1]. 



unless i = k, j = I or i = l,j = k. 

Proof. Expressing u 3 kl (x\, . . . ,x n ) out, we can see that it is finite. To cal- 
culate u %3 k ivrlj(xi, 0, . . . , 0), we divide all the cases into 5 categories. 

(1) None of k, I equals to 1. First, we assume that i ^ j. Expressing 
u 3 kl out, the only case that u 3 kl is not zero is i = k,j = I or i = 
l,j = k. The remaining case is u 3 kl = u n ^ which is zero unless i = j. 

(2) There is exactly one of i,j,k,l which equals to 1. We can assume 
that 1 = 1. Then u 3 k = 2 if i = j = k otherwise u \ = 0. In any case 
we obtain u 3 kl u k \j = 0. 

(3) There are exactly two of i,j,k,l which equals to 1. There are es- 
sentially two cases. u 3 kl is either u ^ or u\ x . Notice that u 3 n = 0. 
And u 11 ^ = unless i = j. 

(4) There are exactly three of i,j,k,l which equals to 1. Then we can 
assume that u 3 kl is u l \i = 0. 

(5) i = j = k = l = l. This is obvious. 



As a corollary, we can simplify the expression of \Rm\ at (xi, 0, . . . , 0). 
Corollary 3.4. 



Together with the above lemmas, we have 

Proposition 3.5. There exists a constant C > depending only on C%,P 
such that 




U >>,0,..,0) = (] 



□ 



\Rm\ 2 ( Xl ,0, . . . , 0) = J>'^) 2 • 



i i<j 
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Proof. Let V(x\) = \x\ lnxi + f(xx, 0, . . . , 0). It is easy to see that 

i V 



v 



So 



Hence 



Since 



we conclude that 



o 



- (x) dx 



< s. 



I yjj) (*) <2 + s. 



1 o 1 



1 



2s - -s z < — (s) <2s + -s. 



In terms of /, we have 



V" 



1 <Sm>< 



8 - 2s 



8 + 2s - dxf 
Thus we obtain the conclusion. 

Our next few lemmas show that we can also control | (x\ , 0) — (0, 1 



□ 



Lemma 3.6. For any x\ € (0, 1], we have 

u l2 l2 (x 1 ,Q) = ^-^( Xl ,0) 

Proof. This is done by direct calculations. Let A be the matrix of (uij) 
without the first column and the second row. Then 







,2 A 



U i 2 (a:i,0) 



hm — — -^-{x) 

x^(x 1 ,0,...,0) OX\OXi 

d r M r^ 

/11+2S7 , 

-sr 4 "- ' 



Proposition 3.7. For any x\ € (0, 1], we have 

|_( Xl ,„)_g ( „,0) <c, 

where C depends only on C\ and P. 

Proof. Combining the previous results, we have 



^(xi,0) 



0Xl 



< 1. 



□ 
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Notice that 

ton 2f '\ (si,0) = 0. 

Then 



2/: 



12 



Thus we have 



/n + 2x1 



-(xi,0) 



/n + 



2xi / 

To obtain our conclusion, we need to calculate 
sfu(s,0) ds 





xi/i(xi,0) - / /i(s,0) ds 



= Si(/i(si,0)-/i(0 > 0)) 

< Cx\. 



■n 



(AM) -/i (0,0)) ds 



□ 



Let us assume that u reaches its maximum at O = (0, . . . , 0). Let 

df 



<0) 



Bi. 



We further assume that 



dxi 

Bi>---> B n . 



We now try to control B\. 

Proposition 3.8. If -g^(0) > 0, then B\ is bounded by a constant depend- 
ing only on C\ and P. 

Proof. Let us pick a point x = (j^, ( n -2)n > ■ • • > (n-2)n > °) ■ We P arame " 
terize the segment I connecting O and xq by 

1 



l(t) 



n-1 1 

t, - — t, . . . , 



n ' (n — 2)n ' ' (n — 2)n 



4,0 , < t < 1. 



Let 



= utf(t)) 

1 f n — 1 . /n — 1 



-tin 



2 V n 
+/(«(*)) 
-tlnt + g(t), 



n 



t + (n - 2) 



-tin 



(n — 2)n \ (n — 2)n 



where g(t) = f(l(t)) + \ (^tln (2=*) - £t ln(n-2)n). Then 

7? — 1 77 — 2 

</(0) > Si - (n - 2) ? —Si + Co = Si + Co, 

n (n — 2)n n 
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where C = \ (2=1 In (2=1) - I ln(n - 2)n) . 

By Lemma 3 of [15] and Lemma 4.3 of [22], we have 



^\ (t)<\Rm\(l(t))<l. 
Following the calculations in Proposition (|3.5p . we have 



Thus 



</(0) + f g"{t)dt 
Jo 



Then 



n — 2 f 1 

> — Bl + Co -j a — it 

> !i^B 1+ C. 

= 5 (0) + / (/(<) (it 
JO 

77 — 2 

> B l + C + g{Q). 

n 

Since 5(0) = V(0) > V(l) = g(l), we conclude that B\ is bounded. □ 

The second case we should deal with is Jjj-(O) < 0. Before we proceed, 
we observe the following lemma. 

Lemma 3.9. Let Q be the facet of P in the x± ■ ■ ■ x n -\ 'plane. For every 
e > 0, let Q e be the set of points in Q whose distance is at least e away from 
dQ. Then there exists a constant C depending only on e, C\ and P such that 
for any x E Q 



u(x) < C, 



du 



(x) < C, . . . 



du 



dx n . 



(x) < C. 



Proof. Let v be the restriction of u on Q. For any e and any x = (x±, . . . , x n —i) € 
Q t , we want to show that v{x) is bounded by a constant depending only on 
e, C\ and P. If Vv{x) = (0, . . . , 0), then for any y G Q, v(y) > v(x) > by 
convexity. Thus v(x) is controlled by C\ and P. 

Suppose Vv(x) / (0, . . . , 0). Let I be the hyperplane whose normal vector 
is Vv(x) and l(x) = 0. Then for any point y G {/ > 0} R Q, we have 
v(y) > v(x) by convexity. Thus v(x) is controlled by e, C\ and P. It is easy 
to see that Vv(x) is also controlled. □ 

Proposition 3.10. Suppose Jjf-(O) < 0. Then B\ is also bounded by a 
constant depending only on C\ and P. 

Proof. Let yi = (1, 0, . . . , 0), y 2 = (0, 2 ^_ 2) , . . . , 2(n 1 _ 2) , 0). We parameter- 
ize the line connecting yi and yi by l(t) = (1 — 2t, ^h^t, . . . , ^r^t, 0), t G 
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[0, \). Let 

V(t) = U(l(t)) 



(1 - 2t) ln(l -2t)+t In —^—t ] + f(l(t)) 
K n — ? 

-tlnt + g{t), 



where g(t) = /(/(*)) + |((1 - 2t) ln(l - 2i) - tln(n - 2)). 

Notice that by Proposition (|3.5j) . we have J^(yi) < —Bi + C. By Propo- 
sition ([321), we have < + C < S x + C, 2 < i < n. 



Then 



Again we have 



Thus 



So 



#'(0) > 2B 1 - B 1 + C > B 1 + C. 



g'(t) >B 1 + C, te [0, i] 



<7(^)>5(0) + ^(Bi + C). 



Notice that 5(0) = V(0) > 0. And g{\) = V(\) + \lnA is bounded by 
Lemma (|3.9p . We obtain that i?i is bounded. □ 

We are ready to provide a proof of Theorem (|3.ip . 

Proof of Theorem \3.1\) . We parameterize the line connecting O to (— zi 1 • • • , 
by 

K*) = f - ~T*> ■ ■ ■ ' — ~T*' ) ' *e[0,l]. 
\ n — 1 re — 1 / 



Let 



V(t) = u(l(t)) 



= -tlnt + g(t), 

where g(t) = f(l(t)) — ^£ln(n — 1). Notice that g'(0) is bounded by Proposi- 
tion (|3.8p and (|3.10p . By Lemma (j3.9|) . </(l) is bounded. Similar calculations 
in Proposition (|3.5p show that 

g"(t) > 



+ 2t 

Thus we obtain that g'(t) is bounded for t G [0,1]. Since V(l) is bounded 
by Lemma (j3.9j) . we have that V(0) is bounded. □ 
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4. Proof of Theorem f|1.3|) 

Let uW(i, x), t G [— 1, 0], x G P be a sequence of modified Calabi flows 
on P satisfying: 

• For any a, the Riemannian curvature of u^ a \t, x), t G [—1, 0],x G P 
is bounded by C\. 

• For any a, ii( Q )(0,x) is normalized and 

/ u {a) (0,x) da < C 2 . 
JdP 

By the results of the previous section, we conclude that u^ a \0,x) is 
bounded for all a. Thus u^ a \t,x) is bounded for all a and t G [—1,0]. 
Let us fix a toric invariant background metric co and let its symplectic po- 
tential be u. Also we let tp^ a \t) be the difference of the Legendre transform 
of u( a \t) and u. Then Donaldson [TB] shows that 

M a >(t)lk» = ||« (a >(t)-u||L<». 
Since the curvature is bounded, applying Theorem 5.1 of [9], we obtain 
that the metric w^Ca)^ is equivalent to w and the C 3,a norm of y^(t),t G 

[—1, 0] is uniformly bounded. Thus we can smooth </? (Q) (i) for t G [-|,0] by- 
Theorem 3.3 of [9]. 

Our discussions lead to the following result: 

Proposition 4.1. By passing to a subsequence, <p( a '(t) converges a limiting 
modified Calabi flow tp(t), t G [—^,0]. 

Now we are ready for the proof of our main theorem. 

Proof of Theorem U.3\) . Let u(t,x) be a one parameter group of symplectic 
potentials satisfying the Calabi flow equation and the Riemannian curvature 
is uniformly bounded along the flow. Then the corresponding modified Cal- 
abi flow is u(t, x)+t(9 — R). It is easy to see that the Riemannian curvature is 
uniformly bounded along the modified Calabi flow. For convenience, we still 
denote u(t, x) as the modified Calabi flow. Notice that the modified Calabi 
flow is the downward gradient flow of the modified Mabuchi energy. Since 
(X, P) is analytic uniform iT-stable, Proposition 5.1.2 of |13] tells us that 
the modified Mabuchi energy is bounded from below. Moreover, Proposition 
5.1.8 of |13j tells us that there exists C\ > such that for each t 

/ u(t, x) da < Ci, 
JdP 

where u(t,x) is the normalization of u(t,x). 

Let us pick a sequence of time tj — > oo and we define a sequence of 
modified Calabi flows as 

u {a \t,x) = u(t a + t,x), t G [-1,0]. 

We add some affine function l( a '(x) to u^ a \t,x), t G [—1,0] so that 
u( a \0,x) is normalized. We still denote the new modified Calabi flow as 
x), t G [—1,0]. Let us pick a background symplectic potential u(x). 
Let y>W (t) be the Kahler potential which is the difference of the Legendre 
transform of u^ a \t) and u. Proposition (|4.ip shows that after passing to a 
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subsequence, the modified Calabi flows (p( a '(t), t G [—1,0] converges to a 
limiting modified Calabi flow (f {oo) (t), t G [-|,0]. 

For every t G [— i,0], the modified Mabuchi energy of <p(°°\t) is the 
infimum of the modified Mabuchi energy of u(t,x). So we conclude that 
for every t G [— 1,0], (p(°°\t) is an extremal metric. Let u^°°\t) be the 
corresponding symplectic potential of <p(°°\t), t G [— i,0]. 

Since ^^(O) converges to (p(°°\0), the geodesic distance between <^ Q )(0) 
and ^(°°)(0) goes to zero as a goes to infinity, i.e., 

lim [ \u {a) {0) -^°°)(0)| 2 dfi = 0. 

C«— >CX> Jp 

It shows that there exists a constant C > such that 

J M Q) (0)| 2 dfi < C. 

Calabi and Chen [6] show that the geodesic distance is decreasing under the 
Calabi flow. It is easy to see that the geodesic distance is decreasing under 
the modified Calabi flow, i.e., 

4 / |u(t)-n(°°)(0)| 2 dfx<0. 
at Jp 

We conclude that 

J \u{t)\ 2 dfM < C, 

for all t. Thus ^(x) is a bounded afflne function on P. An immediate 
consequence is that the C° norm of u(U) is uniformly bounded. Let ip(t) 
be the difference of the Legendre transform of of u(t) and u. We conclude 
that the C° norm of (f(U) is uniformly bounded. We construct a sequence 
of modified Calabi flows as 

4>^(t) = ip (t i + t), te [-1,0]. 

Then the C° norm of (j)^ a \t) is uniformly bounded for all a and t G [—1,0]. 
Since the curvature of <j)( a \t) is also uniformly bounded for all a and t G 
[—1,0], applying Theorem 5.1 of [S], we conclude that the metric w^( a )m 

is equivalent to oj and the C 3 ' a norm of <t) {a) (t),t G [-1,0] is uniformly 
bounded. Thus we can smooth (f)^(t) for t G [-|,0] by Theorem 3.3 of 
[9]. Hence by passing to a subsequence, we obtain a limiting modified Cal- 
abi flow <^°°)(i) for i G [-2,0]. A gain, the modified Mabuchi energy of 
(f}(°°)(t), t G [— ijO] are the same because each of them is the infimum of 
the modified Mabuchi energy of the modified Calabi flow (p(t). So we con- 
clude that (j)(°°\t), t G [—2>0] are extremal metrics. Thus (p(U) converges 
to the extremal metric cj)^ 00 ' (0) . By applying the results of [U] , we conclude 
that the modified Calabi flow ip(t) converges to the extremal metric <^°°) (0) 
exponentially fast. □ 

5. Proof of Theorem (jl.7p 

Let G be a maximal compact subgroup of the identity component of the 
reduced automorphism group of (X, J), i.e., Auto (-X", J) • Also we let T be 
a maximal torus of G. Suppose ujq is an extremal metric invariant under 
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G. Since (X, J) = P(E) — > E and E is a curve of genus > 2, we conclude 
that Aut (X, J) = #°(E, PGL(E)). By Lemma 1 of |3], £ decomposes as a 
direct sum £" = (J)[ =0 where is indecomposable and I = dim(T). 

Next we introduce the notion of admissible Kahler metrics. An admissible 
Kahler metric g is a type of the generalized Calabi construction [3J: 

(1) g is invariant under T. 

(2) Let lo be the symplectic form of g and z be the moment map: 

z:X^t*, 

where t is the Lie algebra of T. g is also rigid with respect to T, i.e., 
for any i*g depends only on z(x), where i : T -> T • j; C 1 is 

the orbit map. 

(3) The image of X under the moment map is a Delzant polytope P. 
Notice that in our case, we can associate P with a toric variety 
(V, gy, Jv) = (CP , gv , Jv)- Since the torus action is rigid, we obtain 
the smooth complex quotient S = X/T c . Moreover, X° = z~ 1 (P°) 
is a principal T c bundle over S, where P° is the interior of P. In 
fact, (X, J) can be obtained by blowing down X = X° Xjc V — > S 
along the inverse images of facets of P. In our case, we can write S = 
P(Eq) X£- • • x^P(Ei) — > E, where each E{ — > E is a projectively-flat 
hermitian bundle with rank dk + 1. Thus X = P(O(-1)e © • • • © 
0{—1)ei) — > S, where 0(— is the (fibrewise) tautological line 
bundle over P(-Ej) —> S. 

(4) g is also semisimple (see Definition 2 of [3]). Then we conclude that 
the universal cover of (S, Jg,g§) is the product of Kahler manifolds 

I 

H(cp d %Ji, gi ) x (s,j s , 5E ), 

i=0 

where gi is a Fubini-Study metric with scalar curvature 2di{di + 1) 
and gY, is a cscK metric. Let cjj be the Kahler form of ^ and 
be the Kahler form of We fix a hermitian metric on E{ whose 
Chern connection has curvature fij ® IdEi with 

0» - = Pi^E, « > L 

We also let = (p±, . . . ,pi) € = t. Now we want construct 
= ...,#/) to be a principle T-connection associated with the 
principle T c -bundle X° over S. We let 6i be a connection 1-form 
for the principal [/(l)-bundle over S, associated to the line bundle 
0(1)^, with curvature dOi = —Ui + fij. 

(5) Following the notation of [3J, we write the toric invariant metric on 
V = CP 1 as 

gv = (dz, G, dz) + (dt, H, dt) , 

where G is a positive definite S 2 i- valued function on P°, H is its 
inverse in S 2 i* . Moreover, (•, •, •) denotes the point-wise contraction 
t* x S 2 t x t* — > M or the dual contraction. On P°, the Kahler metric 
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g can be written as 

l 

(5.1) g = ((px,z) + c s )g 1 ; + J2((P3> z ) + c 3)9j + (dz,G,dz) + (§,H,§), 

where pj , < j < I is the inward normal vector of the facets Fj of 
P and we choose Cj such that (j)j,z) + c j = on Fj. We also choose 
cs such that (ps, z) + cs is positive on P. 

A Kahler metric g in the form of (|5.ip is an admissible metric. A Kahler 
class fi is admissible if Q contains an admissible metric. Notice that G = 
(uij),H = (u 1 - 1 ), where u is a symplectic potential on P satisfying the 
Guillemin boundary conditions. The expression of the scalar curvature is 
calculated in [3]: 

„ Seals J-^ ScaL 1 d 2 , . . 

(ps, z) + c s ^ (pj, + cj p{z) ^ dz r dz s 

where = ((pe, + cs) II j=o ' z ) + c j) di ■ And the volume form is 
u n = p(z)ujz A ( A ufi | A (dz A 0)', 




where n is the dimension of X. 

Since Seals and Scalj,0 < j < I are constants, we can run the Calabi 
flow on the symplectic potential level, i.e., 

777 = H Ru- 
Ot 

The modified Calabi flow on the symplectic potential level is 

— = -7?^ 

dt 

where 

= (A,z)+B + R u . 

We refer to [3] for the detailed expressions of the a-priori determined vec- 
tor (or constant) A (or B). We start the Calabi flow from an admissible 
Kahler metric u. Let u(t) be a one parameter group of symplectic potentials 
corresponding to a modified Calabi flow. Also let ip(t) be the Kahler poten- 
tial which is the difference of the Legendre transform of u(t) and u(0). We 
express the extremal metric Uq as ojq = u + \/— lddipo. Notice that the mod- 
ified Calabi flow is just the Calabi flow pulling back by the extremal vector 
field [21]. Since the Calabi flow decreases the distance, we conclude that the 
modified Calabi flow also decreases the distance, i.e., d(t) = d{<^Q,ip{t)) is a 
decreasing function in terms of t. Thus 

d(u(0), u(t)) = d(0, <p(t)) < d(0, <po) + d(<p , <p(t)) < C. 

Let vt(s) = (1 — s)u(0) + su(t),0 < s < 1 and 4>t(s) be the Kaler potential 
which is the difference of Legendre transform of vt(s) and u(0). Then 4>t(s) 
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is the geodesic connecting ip(0) and tp{t). Moreover, 




d(u(0),u(t)) = \l I («(t) - u(0)) 2 u n = J J (u(t) - u(0)) 2 p(z)dfi 

Thus we conclude that there exists a constant C > such that for any t > 0, 

u{t) 2 p(z)dpL < C. 
Then we have the following proposition. 



p 



Proposition 5.1. For every p £ P°, there exists a constant C(p) depending 
only on the Euclidean distance between p and dP such that for any t > 0, 

\u\{t,p) < C(p), \Du\{t,p) <C{p), 

where Du is the Euclidean derivative of u. 

Proof. Let P e be the sets of points in P whose Euclidean distance to dP is 
at lease e. Since p{z) is positive in the interior of P. We obtain 

u(t) 2 dfi < C(e), 

P e 

where C(e) is a constant depending only on e. Applying Proposition 3.4 of 
|21j . we know that u(t) is bounded in the interior of P e . Thus the Euclidean 
derivative Du(t) is also bounded in the interior of P e by the convexity of 
u(t). □ 

Proof of Theorem \1. 7p . Let us assume that our Calabi flow starting from 
an admissible metric oj. Let u(t) be the corresponding symplectic potential 
of the modified Calabi flow. Proposition 8 of pQ shows that each leave 
V = CP 1 is totally geodesic in X. Thus the curvature is bounded on X 
implies that the curvature is bounded on P, i.e., there exists a constant 
C > such that for any t > 0, p £ P, 

J2 u(tf kl u(t)%( P ) < a 

i,j,k,l 

Proposition (|5.ip and the proof of Theorem (|3. 1|) tell us that there exists a 
constant C > such that for any t > 0, 

\u(t)\ L °° < C. 

Then Donaldson [16] shows that 

\tp(t)\ L «> < C. 

Applying Theorem 5.1 of [9], we conclude that the metric kWt) = OJ + 
V r —ldd(p(t) is equivalent to u and the C 3,a norm of cp(t) is uniformly 
bounded. By the smoothing property of the Calabi flow, i.e., Theorem 
3.3 of [9], we can uniformly control the C°° norm of f(t). Corollary 2.2 of 
|24j shows that the modified Calabi flow converges to an extremal metric. 
Moreover, Theorem 1.5 of [24] shows that the convergence is exponentially 
fast. □ 
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